Fourth-order Schr\"odinger type operator with singular potentials by Gregorio, Federica & Mildner, Sebastian
ar
X
iv
:1
60
1.
05
24
3v
2 
 [m
ath
.A
P]
  1
6 M
ay
 20
16
FOURTH-ORDER SCHRO¨DINGER TYPE OPERATOR WITH SINGULAR
POTENTIALS
FEDERICA GREGORIO AND SEBASTIAN MILDNER
Abstract. In this paper, we study the biharmonic operator perturbed by an inverse
fourth-order potential. In particular, we consider the operator A = ∆2 − c|x|−4 where c
is any constant such that c <
(N(N−4)
4
)2
. The semigroup generated by −A in L2(RN ),
N ≥ 5, extrapolates to a bounded holomorphic C0-semigroup on Lp(RN ) for p ∈ [p′0, p0]
where p0 =
2N
N−4
and p′0 is its dual exponent. Moreover, we obtain the boundedness of the
Riesz transform ∆A−1/2 on Lp(RN ) for all p ∈ (p′0, 2].
1. Introduction
Let us consider the biharmonic operator
A0 = ∆
2.
In this paper, we want to study the perturbation of A0 with the singular potential V (x) =
c|x|−4 a.e. where c < C∗ :=
(N(N−4)
4
)2
. More precisely, we consider the operator
A = A0 − V = ∆
2 −
c
|x|4
.
The biharmonic operator A0 is included in a class of higher order elliptic operators studied
by Davies in [7]. In particular, he proves that for N < 4, (e−tA0)t≥0 induces a bounded
C0-semigroup on L
p(RN ) for all 1 ≤ p < ∞ and that Gaussian-type estimates for the heat
kernel hold. Denoting by K the heat kernel associated to the operator A0, he proves that
there exist c1, c2, k > 0 such that
|K(t, x, y)| ≤ c1t
−N/4e
−c2
|x−y|4/3
t1/3
+kt
for all t > 0 and x, y ∈ RN .
The result is different for N > 4. In this case he proves that the semigroup (e−tA0)t≥0
extends to a bounded holomorphic C0-semigroup on L
p(RN ) for all p ∈ [p′0, p0], where p0 =
2N
N−4 and p
′
0 is its dual exponent. An analogous situation holds when replacing A0 by A, which
was remarked for example in [9, Section 6] by Liskevich, Sobol and Vogt (see also Remark 3.6
and Proposition 3.7 below).
We can define the Riesz transform associated to A by
∆A−1/2 :=
1
Γ(1/2)
∫ ∞
0
t−1/2∆e−tA dt.
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The boundedness of the Riesz transform on Lp(RN ) implies that the domain ofA1/2 is included
in the Sobolev space W 2,p(RN ). Thus, we obtain W 2,p-regularity of the solution to the
evolution equation with initial datum in Lp(RN ). The boundedness of the Riesz transforms
for Schro¨dinger operators has widely been studied in harmonic analysis. Several authors have
generalized the results for elliptic operators L of order 2m or for Riemannian manifolds, see
for example [4], [3], [6] and the references therein. Blunck and Kunstmann in [6] apply the
Caldero´n-Zygmund theory for non-integral operators to obtain estimates on ∆L−1/2 since, in
general, operators of order 2m do not satisfy Gaussian bounds if 2m < N . More precisely,
they prove an abstract criterion for estimates of the type
‖BL−αf‖Lp(Ω) ≤ Cp‖f‖Lp(Ω), p ∈ (q0, 2],
where B,L are linear operators, α ∈ [0, 1), q0 ∈ [1, 2) and Ω is a measure space. We will apply
this criterion (Theorem 4.1 below) to our situation (B,L,Ω) = (∆, A,RN ) with q0 = p
′
0.
We will treat the operator A = ∆2 − V in L2(RN ) as the associated operator to the form
a(u, v) = (∆u,∆v)2 − (V u, v)2
with D(a) = {u ∈ H2(RN ) : ‖|V |1/2u‖2 <∞}. As a consequence of the Rellich inequality,(N(N − 4)
4
)2 ∫
RN
|u(x)|2
|x|4
dx ≤
∫
RN
|∆u(x)|2 dx (1.1)
for all u ∈ H2(RN ) with N ≥ 5 (cf. [12]), one obtains D(a) = H2(RN ) and
a(u) :=
∫
RN
|∆u(x)|2 dx−
∫
RN
V (x)|u(x)|2 dx ≥ η
∫
RN
|∆u(x)|2 dx (1.2)
for some η ∈ (0, 1), i.e., a is densely defined and positive semi-definite. Moreover, thanks to
(1.1) and (1.2), the norms ‖ · ‖a and ‖ · ‖H2 are equivalent, therefore (D(a), ‖ · ‖a) is complete,
i.e., a is closed. Consequently, see for example [10, Theorem 1.54], −A is the generator of a
C0-semigroup (e
−tA)t≥0 on L
2(RN ) that is contractive and holomorphic on the sector Σ(π/2).
In the following, making use of multiplication operators and off-diagonal estimates, we
prove that, for N ≥ 5, the semigroup (e−tA)t≥0 extrapolates to a bounded holomorphic C0-
semigroup on Lp(RN ) for all p ∈ [p′0, p0] and that the Riesz transform associated to A is
bounded on Lp(RN ) for all p ∈ (p′0, 2].
Notation. Throughout the paper, we assume N ≥ 5 and denote by ‖ · ‖p→q the norm
of operators acting from Lp(RN ) into Lq(RN ) and p′ is the dual exponent of p, p′ = pp−1 .
Further, we set Σ(θ) := {z ∈ C \ {0} : |arg z| < θ} for θ ∈ (0, π/2]. Finally, χE denotes the
characteristic function of a set E and B(x, r) the ball around x of radius r.
2. The twisted semigroup
In order to show the boundedness of the Riesz transform and obtain off-diagonal estimates
for the semigroup generated by −A we use the classical Davies perturbation technique, and
estimate the twisted semigroup. Therefore, denoting by α a multi-index with |α| = α1+ · · ·+
αN and D
α the corresponding partial differential operator on C∞(RN ), we define E := {φ ∈
C∞(RN ;R) bounded : |Dαφ| ≤ 1 for all 1 ≤ |α| ≤ 2} and the twisted forms
aλφ(u, v) := a(e
−λφu, eλφv)
with D(aλφ) = H
2(RN ), λ ∈ R and φ ∈ E . A simple computation shows that
Aλφ := e
λφAe−λφ
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with D(Aλφ) = {u ∈ L
2(RN ) : e−λφu ∈ D(A)} is the associated operator to the form aλφ.
Moreover, there exist 0 < γ < 1 and k > 1 such that the inequality
|aλφ(u)− a(u)| ≤ γa(u) + k(1 + λ
4)‖u‖22 (2.1)
holds for all u ∈ H2(RN ), λ ∈ R and φ ∈ E . Indeed, we have
aλφ(u) = a(u) + λ
4
∫
RN
|∇φ|4|u|2 dx− λ2
∫
RN
|∆φ|2|u|2 dx
+ 4λ3i Im
∫
RN
|∇φ|2∇φ · ∇uu dx+ 2λ2Re
∫
RN
|∇φ|2u∆udx
− 4λ2Re
∫
RN
∆φ∇φ · ∇u u dx+ 2λi Im
∫
RN
∆φu∆u dx
− 4λ2
∫
RN
|∇φ · ∇u|2 dx+ 4λi Im
∫
RN
∇φ · ∇u∆u dx.
Now, the application of (1.2), the Gagliardo-Nirenberg inequality
‖∇u‖22 ≤ ‖u‖2‖∆u‖2, u ∈ H
2(RN )
and Young’s inequality yields for 0 < ε < 1
|aλφ(u)− a(u)| ≤ N
2(λ4 + λ2)‖u‖22
+ 4(Nλ2‖u‖2)(N
1/2|λ|‖∇u‖2) + 2(Nλ
2ε−1‖u‖2)(ε‖∆u‖2)
+ 4(N |λ|‖u‖2)(N
1/2|λ|‖∇u‖2) + 2(N |λ|ε
−1‖u‖2)(ε‖∆u‖2)
+ 4Nλ2‖∇u‖22 + 4(N
1/2|λ|ε−1‖∇u‖2)(ε‖∆u‖2)
≤ 4ε2‖∆u‖22 + 4N
2(λ2 + λ4)ε−2‖u‖22 + 10Nλ
2ε−2‖∇u‖22
≤ 4ε2‖∆u‖22 + 4N
2(λ2 + λ4)ε−2‖u‖22
+ 10(Nλ2ε−3‖u‖2)(ε‖∆u‖2)
≤ 9ε2‖∆u‖22 + 9N
2(λ2 + λ4)ε−6‖u‖22
≤ (9ε2/η)a(u) + 18N2(1 + λ4)ε−6‖u‖22.
For the rest of this article, we fix γ and k such that inequality (2.1) holds. Then the forms
aλφ+2k(1+λ
4) are closed and uniformly sectorial (see for example [10, Theorem 1.19]). Thus
the operators −Aλφ−2k(1+λ
4) generate contractive holomorphic C0-semigroups on L
2(RN )
with a common sector of holomorphy Σ(Θ). Therewith, we can show the following lemma.
Lemma 2.1. (a) For all z ∈ Σ(Θ), λ ∈ R and φ ∈ E the following inequality holds
‖e−zAλφ‖2→2 ≤ e
2k(1+λ4)Re z. (2.2)
(b) There exists MΘ > 0 such that
‖∆e−zAλφ‖2→2 ≤MΘ|z|
−1/2e2k(1+λ
4)Re z (2.3)
holds for all z ∈ Σ(Θ/2), λ ∈ R and φ ∈ E.
Proof. Let λ ∈ R and φ ∈ E . As mentioned before, we have
‖e−z(Aλφ+2k(1+λ
4))‖2→2 ≤ 1, (2.4)
for all z ∈ Σ(Θ), which implies (2.2). Moreover, by the Cauchy formula,
‖(Aλφ + 2k(1 + λ
4))e−z(Aλφ+2k(1+λ
4))‖2→2 ≤ (|z| sin(Θ/4))
−1 (2.5)
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holds for all z ∈ Σ(Θ/2). Further, (1.2) and (2.1) yield
(1− γ)η‖∆v‖22 ≤ (1− γ)a(v) ≤ Re(aλφ(v) + 2k(1 + λ
4)‖v‖22)
≤ ‖(Aλφ + 2k(1 + λ
4))v‖2‖v‖2
for all v ∈ D(Aλφ). Taking v = e
−z(Aλφ+2k(1+λ
4))u and applying the estimates (2.4) and
(2.5), we conclude (2.3) with MΘ = 1/
√
(1− γ)η sin(Θ/4). 
Finally, we prove Lp − Lq estimates for the twisted semigroups.
Lemma 2.2. Let p′0 ≤ p ≤ 2 ≤ q ≤ p0. Then there exists Mpq > 0 such that
‖e−zAλφu‖q ≤Mpq|z|
−N
4
( 1p−
1
q )e2k(1+λ
4)Re z‖u‖p
holds for all z ∈ Σ(Θ/2), λ ∈ R, φ ∈ E and u ∈ L2(RN ) ∩ Lp(RN ).
Proof. Let z ∈ Σ(Θ/2), λ ∈ R and φ ∈ E . Then, by Sobolev’s embedding theorem (cf. [1,
Theorem 4.31]) and Lemma 2.1, one obtains
‖e−zAλφu‖ 2N
N−4
≤ CS‖∆e
−zAλφu‖2 ≤ CSMΘ|z|
−1/2e2k(1+λ
4)Re z‖u‖2 (2.6)
for all u ∈ L2(RN ). Applying the Riesz-Thorin interpolation theorem to e−zAλφ with respect
to the bounds (2.2) and (2.6), we achieve the L2 − Lq estimate
‖e−zAλφ‖2→q ≤M2q|z|
−N
4
( 1
2
− 1q )e2k(1+λ
4)Re z
with M2q = (CSMΘ)
N
2
( 1
2
− 1q ). Then a duality argument yields the Lp − L2 estimate. Finally,
we only have to combine these two and use the semigroup property to conclude the Lp − Lq
estimate with Mpq = (2CSMΘ)
N
2
( 1p−
1
q ). 
3. Off-diagonal estimates
In this section, we study off-diagonal estimates, which enable us to obtain the extrapolation
of the semigroup (e−tA)t≥0 and the boundedness of the Riesz transform ∆A
−1/2.
We say that a family (T (z))z∈Σ(θ), θ ∈ (0, π/2], of bounded linear operators on L
2(RN )
satisfies Lp − Lq off-diagonal estimates for 1 ≤ p ≤ q ≤ ∞ if there exist c1, c2 > 0 such that
for each convex, compact subsets E,F of RN , for each u ∈ L2(RN )∩Lp(RN ) supported in E
and for all z ∈ Σ(θ), such an inequality holds
‖T (z)u‖Lq(F ) ≤ c1|z|
−γpq exp
(
−c2
d(E,F )4/3
|z|1/3
)
‖u‖p,
where γpq =
N
4
(
1
p −
1
q
)
and
d(E,F ) = sup
φ∈E
[inf{φ(x) − φ(y) : x ∈ E, y ∈ F}].
Davies proved that this distance is equivalent to the Euclidean one if the sets E and F are
additionally disjoint, [7, Lemma 4]. We recall this result.
Lemma 3.1. If E and F are disjoint, convex, compact subsets of RN , then
de(E,F ) ≤ d(E,F ) ≤ N
1/2de(E,F ),
where de(E,F ) is the Euclidean distance between E and F .
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Remark 3.2. (a) Since the distance d between non-disjoint sets is zero, we can drop the
assumption of disjointedness in the previous lemma without changing the statement.
(b) For E,F ⊂ RN compact, convex, x, y ∈ RN and r > 0 such that E ⊂ B(x, r) and
F ⊂ B(y, r) we obtain
d(E,F )4/3 ≥ 2−1/3|x− y|4/3 − (2r)4/3.
Indeed, we can estimate as follows
|x− y| ≤ 2r + de(E,F ) ≤ 2r + d(E,F ) ≤ 2
1/4((2r)4/3 + d(E,F )4/3)3/4.
The following proposition relates the results of the previous section with the notion of
off-diagonal estimates.
Proposition 3.3. Let θ ∈ (0, π/2] and (T (z))z∈Σ(θ) be a family in L(L
2(RN )) that satisfies
T (z) = DsT (s
4z)D1/s, s ∈ (0, 1), z ∈ Σ(θ), (3.1)
where Ds is the dilation operator, i.e., Dsv(x) = v(sx) a.e. for all v ∈ L
1
loc(R
N ). Further let
1 ≤ p ≤ q <∞ and M,ω > 0 such that
‖eλφT (z)e−λφu‖q ≤M |z|
−γpqeω(1+λ
4)|z|‖u‖p
holds for all z ∈ Σ(θ), λ > 0, φ ∈ E and u ∈ L2(RN ) ∩ Lp(RN ). Then (T (z))z∈Σ(θ) satisfies
Lp − Lq off-diagonal estimates.
Proof. Let z ∈ Σ(θ), E,F be convex, compact subsets of RN and u ∈ L2(RN ) ∩ Lp(RN )
supported in E. Then the assumption yields
‖T (z)u‖Lq(F ) ≤ ‖e
−λφχF ‖∞‖e
λφT (z)e−λφeλφχEu‖q
≤ e−λ infF φM |z|−γpqeω(1+λ
4)|z|‖χEe
λφ‖∞‖u‖p
≤ e−λ(infF φ−supE φ)M |z|−γpqeω(1+λ
4)|z|‖u‖p
for all λ > 0 and φ ∈ E . Minimising the right-hand side with respect to φ ∈ E and choosing
λ as
(d(E,F )
4ω|z|
)1/3
we obtain
‖T (z)u‖Lq(F ) ≤ e
2ω|z|M |z|−γpq exp
(
−cω
d(E,F )4/3
|z|1/3
)
‖u‖p
with cω =
3
4(4ω)1/3
. Now, we use the scaling property to get rid of the factor e2ω|z|. For
s ∈ (0, 1) we estimate
‖T (z)u‖Lq(F ) = ‖DsχsFT (s
4z)χsED1/su‖q
= s−
N
q ‖χsFT (s
4z)χsED1/su‖q
≤ e2ωs
4|z|M |z|−γpq exp
(
−cω
(d(sE, sF )/s)4/3
|z|1/3
)
s−
N
p ‖D1/su‖p
≤ e2ωs
4|z|M |z|−γpq exp
(
−
cω
N2/3
d(E,F )4/3
|z|1/3
)
‖u‖p.
Taking s→ 0, we get Lp − Lq off-diagonal estimates for (T (z))z∈Σ(θ). 
Now, since (e−zA)z∈Σ(Θ/2) satisfies the scaling property (3.1) thanks to the invariance of
the Laplacian, we can infer from Lemma 2.2 the following statement.
Corollary 3.4. (e−zA)z∈Σ(Θ/2) satisfies L
p−Lq off-diagonal estimates for all p ∈ [p′0, 2] and
q ∈ [2, p0].
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Finally, we are able to state the following theorem.
Theorem 3.5. The semigroup (e−tA)t≥0 on L
2(RN ) extrapolates to a bounded holomorphic
C0-semigroup on L
p(RN ) for all p ∈ [p′0, p0].
Proof. It suffices to show that the family (e−zA)z∈Σ(Θ/2) is uniformly bounded on L
p(RN ) to
infer the extrapolation to a bounded holomorphic C0-semigroup on L
p(RN ). Moreover, we
only have to treat the case p ∈ (2, p0].
Let p ∈ (2, p0], z ∈ Σ(Θ/2) and Cn be the cube with centre n|z|
1/4 and edge length |z|1/4
for all n ∈ ZN . Then, using the L2 − Lp off-diagonal estimates for (e−zA)z∈Σ(Θ/2), Remark
3.2(b) and Ho¨lder’s inequality, we obtain
‖χCne
−zAχCmu‖p ≤ c1e
−c2|m−n|
4/3
|z|−γ2p |Cm|
1
2
− 1p ‖χCmu‖p
= c1e
−c2|m−n|
4/3
‖χCmu‖p
for all m,n ∈ ZN and u ∈ L2(RN ) ∩ Lp(RN ) with c1, c2 > 0 independent of z, u, m and n.
Since the operator B : ℓ1(ZN )→ ℓ1(ZN ) with
(Bx)m = c1
∑
n∈ZN
e−c2|m−n|
4/3
xn, m ∈ Z
N , x ∈ ℓ1(ZN )
is bounded on ℓ1(ZN ) as well as on ℓ∞(ZN ), the Riesz-Thorin interpolation theorem yields
that B is also bounded on ℓp(ZN ). Setting uˆ = (‖χCnu‖p)n∈ZN we conclude
‖e−zAu‖p ≤ ‖Buˆ‖ℓp ≤ ‖B‖ℓp→ℓp‖uˆ‖ℓp ≤ ‖B‖ℓp→ℓp‖u‖p
for all u ∈ L2(RN ) ∩ Lp(RN ). 
Remark 3.6. We have provided this proof as an application of the previous results, which we
will also need in the next section to prove the boundedness of the Riesz transform. Actually,
we could have also applied [9, Proposition 6.1], which holds in a general setting of higher order
operators defined by closed, sectorial sesquilinear forms. We recall this statement according
to the notations of our situation.
Proposition 3.7. Let a be a closed, sectorial sesquilinear form in L2(RN ) with D(a) =
H2(RN ) such that for some C, k > 0
1
2‖∆u‖
2
2 ≤ Re a(u) ≤ C(‖∆u‖
2
2 + ‖u‖
2
2)
and
|aλφ(u)− Re a(u)| ≤
1
4 Re a(u) + k(1 + λ
4)‖u‖22
hold for all u ∈ H2(RN ), λ ≥ 0 and φ ∈ E. Then the holomorphic C0-semigroup (e
−tA)t≥0
on L2(RN ), associated with a, extrapolates to a holomorphic C0-semigroup Tp = (e
−tAp)t≥0
on Lp(RN ) for all p ∈ [p′0, p0]. The sector of holomorphy of Tp and the spectrum σ(Ap) are
p-independent.
4. Riesz transform
We show that ∆A−1/2 ∈ L(Lp(RN )) for all p ∈ ( 2NN+4 , 2]. We already know that the Riesz
transform of the operator A is bounded on L2(RN ) thanks to the inequality
η‖∆u‖22 ≤ a(u) = ‖A
1/2u‖22, u ∈ H
2(RN )
and the selfadjointness of A1/2. Then, provided ∆A−1/2 is of weak type (p′0, p
′
0), we can use the
Marcinkiewicz interpolation theorem to obtain the boundedness on Lp(RN ) for p′0 < p ≤ 2.
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Let us recall the definition of weak type operators. Let (X,Σ, µ) be a measure space. An
operator L is of weak type (p, p) for 1 ≤ p <∞, if there exists a constant C such that for any
measurable function f , such a relation holds
µ{x : |Lf(x)| ≥ λ} ≤ Cλ−p‖f‖pp.
In order to prove that ∆A−1/2 is of weak type (p′0, p
′
0) we make use of [6, Theorem 1.1] in
the following adapted form.
Theorem 4.1. Let 1 ≤ p < 2 < q ≤ ∞, q0 ∈ (p,∞] and (e
−tA)t≥0 be a bounded holomorphic
semigroup on L2(RN ) such that A is injective and has dense range. Further, let α ∈ [0, 1)
and B a linear operator satisfying D(Aα) ⊂ D(B) and the weighted norm estimates
‖χB(x,t1/4)e
−tAχB(y,t1/4)‖p→q ≤ c1t
−γpq exp
(
−c2
|x− y|4/3
t1/3
)
(4.1)
‖χB(x,t1/4)t
αBe−e
iσtAχB(y,t1/4)‖p→q0 ≤ c1t
−γpq0 exp
(
−c2
|x− y|4/3
t1/3
)
(4.2)
hold for all x, y ∈ RN , t > 0, |σ| < π2 − θ, for some θ > 0. Then BA
−α is of weak type (p, p)
provided BA−α is of weak type (2, 2).
We can now state the main result of this section.
Theorem 4.2. The Riesz transform of the operator A is bounded on Lp(RN ) for all p ∈
(p′0, 2].
Proof. We will show that the assumptions of Theorem 4.1 in the setting (B,α, p, q, q0) =
(∆, 1/2, p′0, p0, 2) are satisfied to infer that ∆A
−1/2 is of weak type (p′0, p
′
0).
First, we observe that A is injective and selfadjoint and has therefore dense range. More-
over, we have D(A1/2) = D(∆) and ∆A−1/2 is bounded on L2(RN ), hence of weak type (2, 2),
as was pointed out above. Now, it remains to show that estimates of the form (4.1) and (4.2)
are satisfied. Due to Remark 3.2(b), such estimates are direct consequences of Lp
′
0 − Lp0
off-diagonal estimates for (e−zA)z∈Σ(Θ/2), which we have already obtained, and L
p′
0 −L2 off-
diagonal estimates for the family (|z|1/2∆e−zA)z∈Σ(Θ/2). To achieve the last ones, we show
that
‖eλφ∆e−zAe−λφ‖2→2 ≤M |z|
−1/2eω(1+λ
4)|z| (4.3)
holds for all z ∈ Σ(Θ/2), λ ∈ R and φ ∈ E with some M,ω > 0. Indeed, we compute
eλφ∆e−zAe−λφu = eλφ∆e−λφe−zAλφu
= (λ2|∇φ|2 − λ∆φ)e−zAλφu− 2λ∇φ · ∇e−zAλφu
+∆e−zAλφu,
which can be estimated, thanks to (2.2) and (2.3), in the following way
‖eλφ∆e−zAe−λφu‖22 ≤ 8N
2(1 + λ4)‖e−zAλφu‖22
+ 16Nλ2‖∇e−zAλφu‖22 + 4‖∆e
−zAλφu‖22
≤ 16N2(1 + λ4)‖e−zAλφu‖22 + 12‖∆e
−zAλφu‖22
≤ 16N2(1 + λ4)e4k(1+λ
4)|z|‖u‖22
+ 12M2Θ|z|
−1e4k(1+λ
4)|z|‖u‖22
≤ 16(M2Θ +N
2)|z|−1e5k(1+λ
4)|z|‖u‖22.
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Combining inequality (4.3) with the Lp
′
0 − L2 estimate of Lemma 2.2, we get
‖eλφ∆e−zAe−λφ‖p′
0
→2 ≤ 2Mp′
0
2M |z|
−1eω(1+λ
4)|z|
for all z ∈ Σ(Θ/2), λ > 0 and φ ∈ E . Since the family (|z|1/2∆e−zA)z∈Σ(Θ/2) satisfies the
scaling property (3.1), it also satisfies Lp
′
0 − L2 off-diagonal estimates by Propostion 3.3.
Thus, ∆A−1/2 is of weak type (p′0, p
′
0). Now, by the boundedness of ∆A
−1/2 on L2(RN )
and the Marcinkiewicz interpolation theorem, we conclude that ∆A−1/2 ∈ L(Lp(RN )) for all
p ∈ (p′0, 2]. 
Finally, we obtain the following corollary.
Corollary 4.3. The parabolic problem associated to −A = −∆2 + c|x|4 , c < C
∗
{
∂tu(t) = −Au(t) for t ≥ 0,
u(0) = f,
admits a unique solution for each initial datum f ∈ Lp(RN ), p ∈ [p′0, p0]. Moreover, if
f ∈ Lp(RN ) for p ∈ (p′0, 2], then the solution is in W
2,p(RN ).
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